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Abstract. A well-known theorem of Bottcher asserts that an analytic germ 
/ : (C, 0) — >■ (C, 0) which has a superattracting fixed point at 0, more precisely 
of the form f(z) = az^ + 0(2*) for some a g C*, is analytically conjugate 
to 2 ^ az^ by an analytic germ <j) : (C, 0) — > (C, 0) which is tangent to the 
identity at 0. In this article, we generalize this result to analytic maps of 
several complex variables. 

Introduction 

An analytic germ / : (C, 0) — (C, 0) with a superattracting fixed point at can 
be written in the form 

/(z) = az'= + 0(z'=+i), a^O, k>2. 

In 1904, L. E. Bottcher proved the following theorem. 

Theorem (Bottcher). // / : (C, 0) (C,0) has a superattracting point at as 
above, there exists a germ of analytic map (j) : (C, 0) -> (C, 0), which is tangent to 
the identity at and conjugates f to the map h : w t-^ aw'' in some neighborhood 
of 0, i.e., ipo f = ho (j). 

The germ </> is called a Bottcher coordinate for the germ /. 

Bottcher coordinates have been an essential tool in the study of complex dynam- 
ics in one variable; a Bottcher coordinate gives polar coordinates near the associated 
superattracting fixed point, which are compatible with the dynamics of /. In the 
case of the superattracting fixed point at infinity for a polynomial, the angular 
coordinate is called the external angle and its level curves are called external rays. 
The importance of external angles and external rays was emphasized in |DIIj . 

It is quite natural to ask whether there is an analogue of this theorem in higher 
dimensions; that is, given an analytic germ F : (C™, 0) — > (C™, 0) is there an ana- 
lytic germ $ : (C™, 0) — > (C™, 0) which conjugates F to its terms of lowest degree? 
According to Hubbard and Papadopol in [HP] , "the map is not in general locally 
conjugate, even topologically, to its terms of lowest degree; the local geometry near 
such a point is much too rich for anything like that to be true." Hubbard and 
Papadopol present the following example to illustrate their point. 

Example 1. Consider the map 

F : C2 ^ C2 given by (x, y) ^ {x^ + y\ y^). 

Let iJ ; C'^ be the map {x,y) M> {x'^,y'^). There is no analytic conjugacy 

between F and i7 in a neighborhood of the origin because the dynamics of the 
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Figure 1. For polynomials of one complex variable, the Bottcher 
coordinate of oo extends throughout the entire basin if the filled 
Julia set is connected. The checkerboard pattern in the pictures 
above highlights the external rays in each picture. On the right is 
the filled Julia set of the model map, z n- z^, and on the left is the 
filled Julia set for a quadratic polynomial. 

maps are incompatible. Indeed, the critical locus of F consists of the the two axes, 
which is also the critical locus of H. But the map H fixes the two axes, whereas F 
fixes y = and maps a; = to the curve t (t'^, t^). 

However, there is another explanation which is more relevant to our discussion. 
The critical value locus of F contains the curve t i—> {t^ ,t^) which has a cusp; any 
smooth conjugacy would have to map this singular curve to a component of the 
critical value locus of H; however, the critical value set of H consists of a; = and 
y = Q, which are smooth. So certainly no analytic conjugacy exists. 

Remark 1. In the example above, the map H : C™+^ — > (j^m+i homogeneous and 
nondegenerate. It descends to an cndomorphism of projective space h : P™ — P™; 
the critical locus and the postcritical locus of H will be cones over the critical locus 
and postcritical locus of h. 

Therefore, if F is going to be locally conjugate to a homogeneous map in a 
neighborhood of 0, each component of the critical locus and postcritical locus of F 
containing the superattracting fixed point, must be an analytic cone; that is, each 
of these components must be the image of a cone under an analytic isomorphism. 
This is a rather strong condition; the homogeneous maps certainly satisfy it, and 
we will sec in section [3] that there are other families of maps which satisfy this 
criterion. 

The following people have studied the dynamics of maps with superattracting 
fixed points in higher dimensions: J.H. Hubbard and P. Papadopol develop a very 
important theory of Green functions for maps with superattracting fixed points in 
C™ (see [hp]), C. Favre and M. Jonsson classify contracting rigid germs of (C^,0) 
in |FJ| . Both S. Ushiki and T. Ueda have results about a Bottcher theorem in 
higher dimensions: Ushiki presents a local Bottcher theorem in for maps of a 
special form in [Usj , and Ueda presents both local and global Bottcher theorems in 
C™ for a particular family of maps in [Uelj . 
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In this article, we begin with an analytic germ F : {C"^,0) — !• (C™,0), which 
has an adapted superattracting fixed point at 0. We present necessary and sufficient 
conditions for such an F to be locally conjugate to its quasihomogeneous part at 
0. Our criteria arc stated in terms of admissible vector fields] these vector fields 
detect the shape of the postcritical locus of our map F to sec if the analytic cone 
condition in remark [T] is satisfied. The relevant definitions are given in Scction fl.il 

Theorem 1 (Local Bottcher Coordinates). Let F : (C",0) -J- (C'",0) he a germ 
of an analytic map having an adapted superattracting fixed point at G C™. Let 
H : C™ — > C™ be the quasihomogeneous part of F at with multidegree (fci, . . . kp). 
Then the following are equivalent. 

(1) There is a germ of an analytic map $ : (C™, 0) — > (C™,0) such that 

$(0) = 0, Do<^ = id and $ o F = o $. 

(2) There is an admissible p-tuple of germs of vector fields (^i . . . , ^p) such that 

DF o ^ kj -^joF 

near for all j G [l,p]- 

(3) There is an admissible p-tuple of germs of vector fields (Ci,...,Cp) such 
that Cj is tangent to the germ of the postcritical set of F for all j £ [l,p]- 

The proof of theorem [T] is a beautiful confluence of classical results of Euler, 
Poincare, Cartan, and Arnol'd with the theory of Green functions developed in 
[HP] . Sections I1.2H1.6I are devoted to presenting these results and adapting them 
to our setting. 

In section [51 we present a result about extending a local Bottcher coordinate 
$ to a larger domain. More precisely let f2 be a complex analytic manifold, and 
F : f2 — >■ J7 be an analytic map with a superattracting fixed point at a G f2. The 
basin of attraction of a for F is the open set of points whose orbits converge to 
a. The immediate basin is the connected component of the basin containing a; we 
denote the immediate basin as Ba{F). 

Theorem 2 (Global Bottcher coordinates). Let D, be a complex analytic manifold, 
F : ^ n be a proper analytic map with a superattracting fixed point at a G and 
H : TflO — !■ Tafl be a quasihomogeneous map. Suppose that 

• there is a local isomorphism $ : (fl, a) — > (Tafl, 0) with $ o F = o $; 

• near a, ^> maps the postcritical set of F : Ba{F) — > Ba{F) to the postcritical 
set ofH: Ba{H) Ba{H). 

Then, $ extends to a global isomorphism $ : Ba{F) Bq{H) conjugating F to H: 

Ba{F) B^{H) 

H 

Ba{F) ^ Bo{H). 

In section |3l we apply our results to a large class of new examples oi postcritically 
finite endomorphisms of P". And finally, in section |4l we conclude with some 
remaining questions. 
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1. The Local Result 

1.1. Set Up. Throughout section [l] we will use the following notation. 

• _B is a C- linear space of dimension m > I. 

• ('I-) is a Hermitian product on E. 

• II • II is the associated norm. 

• E = El (B ■■• (B Ep is the direct sum of p > 1 linear spaces. 

• (iTj : E — i- p] are the projections associated to the direct sum. 

• for V Cz E, we denote Vj:=TTj{v) G Ej. 

• For F : {E, 0) — >■ {E, 0) an analytic germ, we denote Fj:=-Kj o F : E ^ Ej . 

• if (Hj : Ej — !• Ej)j^[i are maps, then Hi © • • • ® Hp is the map 

E 3 vi^ ^ Vp^ Hi{vi) H h Hp{vp) G E. 

• ki, . . . ,kp are integers greater than or equal to 2. 
The word adapted in the definition [T] refers to this data. 

Recall that a map H : L ~^ L on a C-linear space L is homogeneous of degree 
/c > 1 if 

\/v G L, H{v) ~ 4>{v, . . . , w) 

k times 

for some fc-linear map cf) : ^ L. Equivalently, H is analytic and 

VA G C, Vw G L, H{\v) = \''H{v). 
The homogeneous map H is nondegenerate if H^^{Q} = {0}. 

Definition 1. An analytic germ F : {E,0) — > {E,0) has an adapted superat- 
tracting fixed point if for all j G [l,p], there is a nondegenerate homogeneous map 
Hj : Ej — >■ Ej of degree kj > 2 such that 




The map Hi © • • • © Hp is the quasihomogeneous part of F at and (ki , . . . ,kp) is 
its multidegree. 

Note that the derivative of a map at an adapted superattracting fixed point 
necessarily vanishes. The particular form of Fj implies the following invariance 
property. 

Lemma 1. The spaces Ej:={vj = 0} and Ej are locally totally invariant under 
F; that is, there exists a neighborhood V of such that 

F~\Ej)nv ^ eJ nv and f~\Ej) nv = Ej nv. 

Proof. Let us first prove that Ej is locally totally invariant. First, if Vj = 0, then 
Fj{v) = 0. This shows that near 0, Ej C F-^{Ej). So if Ej were not locally 
totally invariant, we could find an analytic germ 

7 : (C,0) (F-i(£;7),0) with jj-.^iTj o ^ 0. 

The order of vanishing m of jj at would be finite. Since Hj is nondegenerate with 
degree kj , the order of vanishing of HjOjj would be kj -m. So the order of vanishing 
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of Fj o 7 = Hj o-fj + o(||7j||'^^) would he kj ■ m < oo which is a contradiction since 
by assumption Fj o j = 0. 
Next, note that 

Since the spaces Ej are locally totally invariant, it follows that the space Ej is 
locally totally invariant. □ 

We want to give necessary and sufficient conditions for the existence of an iso- 
morphism $ : {E,0) iE,0) conjugating F to its quasihomogeneous part iJ, i.e., 
such that <f> o F = _ff o $. Such an isomorphism is called a Bottcher coordinate for 
F. 

For V €z E, there is a canonical isomorphism between the C-linear space E and 
the tangent space TyE. Together, these isomorphisms induce a canonical bundle 
isomorphism between TE and E x E. If {v, w) € E x E, we shall denote by {v; w) 
the corresponding tangent vector in T^E. li F : U C E ^ E is an analytic map, 
we denote DyF : TyE Tf(v)E the derivative of F a,t v e U. We denote by 
DF : TU -> TX the bundle map {v; w) ^ DyF{v; w). We shall denote by F'{v; w) 
the vector in E corresponding to DF{v;w) G Tpf^^^E. 

Definition 2. Let jJi-ad o,nd §1, . . . , dp be the linear vector fields E — > TE defined 
by 

e E, Aiidiv):={v;v) and '&j{v):=(v;Vj). 

Note that ?9,.ad = H h ??p. 

Definition 3. A vector field is asymptotically radial if is defined and analytic 

near G E with ^(v) = i9rad(^') + o(||i'||) • 

A p-tuple of vector fields (^1, . . . , ^p) is admissible if 

• for all j S is defined and analytic near in E, is tangent to Ej, 

vanishes when vj = and ^j{v) = "djiv) + o(||w||), and 

• for all i £ and all j e the vector fields and commute. 

The tangency condition in theorem [T] requires some explanation. We say that an 
analytic vector field C on an open set U is tangent to an analytic set A C U if ({a) 
belongs to the tangent space TaA for every a in the smooth part of A. We say that 
a germ of an analytic vector field C at is tangent to the germ of the postcritical 
set of F if there is a neighborhood ?7 of such that 

• F and ^ are defined and analytic on U , 

• F : U ^ F{U) C [/ is proper and 

• the vector field ^ is tangent to the critical value set of F°" : U — > F°^{U) 
for all n > 1. 

When F is not postcritically finite, the postcritical set of F is not analytic and 
the third condition involves tangency to a priori infinitely many analytic sets. 

1.2. Quasiiiomogeneous Maps. Let L be a C-linear space. If iJ : L — > L is a 

homogeneous map of degree fc > 1, then 

(1) DHod,,d^k-d,,doH. 

This is known as Euler's identity. In fact, the converse is true. If H : {L, 0) — > {L, 0) 
is a germ of an analytic map, then H is the germ of a homogeneous map of degree 
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/s > 1 if and only if DH o iJiad = k ■ i?rad ° H near 0. We shall adapt this result to 
our setting as follows. 

Definition 4. A map H : E ^ E is quasihomogeneous of multidegree (fci, . . . , kp) 
if there are homogeneous maps Hj : Ej — > Ej of degree kj with H = Hi ® • • • © Hp . 

The following two lemmas about quasihomogeneous maps will be used later. 

Lemma 2. Let X C E be such that near 0, the set H^^X coincides with the graph 
of a function ip : (Ej ,0) (-Bj, 0). Then X = H-^X = Ej near 0. 

Proof Due to the structure of iJ = Hj © Hj : Ej © Ej Ej © Ej, and due to 
the homogeneity of Hj , we have that 

ii-(e2-/fc.„^. + yj) ^ H.ie^^'/'^^Vj) + HjivJ) = H,{v,) + HJ{v]) = H{v, + vJ). 
So 

Vj + vJ e H-^X <=^ e^'^'/'^^vj + vJ e H^^X. 
Since near 0, the set H^^X coincides with the graph of ip, we have 

for Vj sufficiently close to 0. Thus tp = e~^^'^^''i(p and so (p vanishes identically near 
0. This shows that H-^X = Ej near 0, which implies that X ^ Ej near 0. □ 

Lemma 3. Let H : {E, 0) {E, 0) be a germ of an analytic map. Then, H is the 
germ of a quasihomogeneous map of multidegree (fci, . . . , kp) if and only if 

Vj e [l,p], DH o i}j = k^ ■ dj o H. 

Proof. Assume H = i^i © ■ • • © Hp with Hi : Ei ^ Ei homogeneous of degree 
ki > 1. Then, Hi[vi) = (j>i{vi, . . . ,Vi) with (j>i : E^' Ei a. symmetric fci-linear 
map and so, H[{vi; Wi) = ki ■ 4>i{vi, . . . , Ui, Wi). Thus, for all v:~vi + • ■ • + Wp £ i?, 

p 

H'{v;vj) = ^fcj • (j>i{vi, . . . ,Vi,TTi{vj)) = kj ■ <l>j{vj, . . . = kj ■ Hj{vj). 

i=l 

This shows that DH o dj(v) = kj ■ dj o H{v). 

Conversely, assume DH o §j ~ kj ■ dj o H for all j G In other words, 

Vj e H'{v-Vj)=kyT:joH{v). 

Let {Uj C Ej)jfz\i_p-\ be neighborhoods of such that 

• H \s analytic on U:~Ui + . . . + Up and 

• if Vj S Uj and |A| < 1, then Xvj £ Uj 

Let = wi + • ■ • + be a point in U. Fix j G The map 

X] : (Ai, . . . , Ap) t-^ TTj o iJ(Ait;i + . . . + ApWp) 

P 

is defined and analytic in a neighborhood of the closed polydisk D . In addition, 
for all i G 

dx 

— ^(Ai, . . . , Ap) = TTj o F'(Aii)i + . . . + XpVp;vi) 

= • TTj o H'{Xivi + . . . + ApWp; XiVt) 
Aj 

k- 

= ■ TTj O m O H{XlVl + . . . + ApUp). 
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If i 7^ j, then dxj/dXi = 0, which shows that Xj only depends on Xj. In addition 

Let iJj ; {Ej,0) — > (i?j,0) be the restriction of nj o H to Ej. The previous 
discussion shows that 

V(Ai,...,Ap) eD^ Xj(Ai,...,Ap) = Xj(0,...,0,A,,0,...,0) =iJj(A,i;,). 

In particular, taking Ai = ■ • ■ = Ap = 1, we have that iTj o H{v) = Hj{vj), and so 
H = Hi®---®Hp. 

Finally, the differential equation ([2]) implies that 

Consider the map 

V' : A \-^'Hj{\vj) 
which is defined and analytic in a neighborhood of D. Its derivative satisfies 

A 

As a consequence, ■0(A) = ^"(1) for all A G D. So Hj{Xvj) = X'^iHj{vj) and Hj is 
the germ of a homogeneous map of degree kj . □ 

1.3. Linearizability of analytic vector fields. The following result is due to 
Poincare. We include a proof for completeness. 

Lemma 4 (Poincare). Any asymptotically radial vector field ^ is linearizable: there 
is a germ of an analytic map $ : {E,Q) — ^ (£',0) such that $(0) = 0, -Do'i' = id 
and £>$ o ^ = i^i-ad o 

Proof. Let J be defined in a neighborhood of in £' by 

M^{v)\v) 

Since ^ is asymptotically radial, we have that 

J{v) = l + 0{\\v\\). 

So, there are constants C and r > such that 

Vw e S(0,r), \j{v) - l| < C||w|| < 1/2. 

In particular, ^ is outward pointing on the boundary of B{Q, r). Let J^t{u) = T{t, v) 
be the flow of the vector field ^. Since ^ is outward pointing on the boundary of 
5(0, r), the map Ft is defined and analytic on 5(0, r) for all t < 0. 
For t < 0, set Gji^log || Then, for t < 0, 

^ = Jo:Ft> 1/2 
ot 



and so, G* < Go + 1/2 and || J"*!] < re*/^. In addition, 

= iJo J-j _ i| < cllj-tll < Gre*/2. 



c)(Gt - 1) 

at 
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So, 

{Gt -t)- (Go - 0) < j Cre''''^ du < 2Cr and therefore e-*|| J-j < y-gSCr-^ 
For t < 0, let $t : B{0, r) ^ E he the map defined by 

Note that (f>t(0) = 0, Do^t = id. Since DTt = £,oTt, we see that 

D^toi = e-* -^oTt^ e-' ■ o Tt + o{\\Tt\\)) = d.-.d o + o(||$t||). 
The previous estimates show that the family {^t)t<o is uniformly bounded on 
-6(0, r) by re^'~^^ . Thus, it is normal. Any limit value $ as < — > —oo linearizes 

Corollary 1. Let {£,i,---,Cp) be an admissible p-tuple of germs of vector fields. 
Then, the are simultaneously linearizable, i.e., there is a germ of an analytic 
map $ : {E, 0) ^ {E, 0) such that $(0) = 0, Do<P = id and D<P o = o $ for all 

3 e [i,p]- 

Proof. The germ of the veetor field £,:—£,! + ■ ■ ■ + £,p is asymptotically radial, thus 
linearizable. Let $ : {E, 0) {E, 0) be the linearizer. The vector fields D(f> o 
commute with £)$ o ^ = ^lad- It follows that they are linear vector fields and so, 

1.4. Liftable Vector Fields. 

Definition 5. Let F : U ~> V be an analytic map. An analytic vector field ^ on V 
is liftable if there is an analytic vector field C, on U which satisfies DF o Q = ^ o F . 
We say that Q lifts ^. 

The critical point set of F is the set Cf of points x € U for which D^F is not 
invertible. The critical value set of F is VF.=F{Cf). If ^ is a liftable vector field 
on V and if C lifts ^, then for all x € ?7 — Cf, we have 

ax) = {D.,F)-'^oF{x). 

Thus, when F has discrete fibers, a liftable vector field ^ on F admits a unique lift 
<^ on U and we shall use the notation 

F*e=c- 

Lemma 5 (Arnol'd). Let F : U V be an analytic map with discrete fibers. Let 
^ be a vector field which is analytic on V and tangent to the critical value set Vf- 
Then, ^ is liftable and F*^^ is tangent to Cp- 

Proof. The vector field F*^ is well defined outside the critical point set. According 
to a lemma of Hartogs, it is enough to show that F*£^ extends analytically outside 
a subset of U of codimension 2 in order to know that it extends globally. 

Since F has discrete fibers, the critical point set Cp is either empty or has 
codimension 1. Thus, outside a codimension 2 subset of U , the critical point set Cp 
is smooth. Moreover, it follows from the Constant Rank Theorem that for generic 
X G Cf, the kernel of D^F does not intersect the tangent space to Cp at x. 

Thus, near generic points in Cp, the map F may be locally expressed as 

{x\, . . . , Xrri — l , Xrri) ' ^ (yi , . . . , ^m — 1 ; Vm) — (-^l ; . . . ; -^m — 1 ; X^ ) 
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for some integer fc > 2. Since the vector field ^ is tangent to the critical value set 
{Um = 0}, it is of the form 

^ ^ d d yd 

? = Cl T; h . . . + t,„i-lT: 1- J/m^ri 



oyi oy,n-i oy„i 
and 

OXi OXm-l KkXm J OX„ 

n / 1 \ ^ 

= iii ° F)— + . . . + (6„-i o F)- + -XmU o F 



OXm-1 \K J OXm 

which clearly extends analytically through the critical set {xm = 0} and is tangent 
to the critical set. □ 

Lemma 6. Let F : U ^ V be an analytic map with discrete fibers, let ^ be a liftable 
vector field on V, and let (^:~F*^ be its lift to U. Let (j){t,z) be the flow of ^, and 
ip(t,z) be the flow of C- 

(1) For all z E U and for t sufficiently small, we have 

F{ij{t,z)) = cj){t,F{z)). 

(2) // ^ o F{z) ^ 0, then C{z) = 0. 

(3) If ^ is tangent to an analytic set A C_ U , then C, is tangent to F~^{A). 

Proof, li z E U — Cf, then F : {U, z) — (V, F{z)) is a local isomorphism. It sends 
the vector field C, to the vector field ^. Thus it conjugates their flows, and the 
equality in part ([T]) holds for z G U — Cp and t is sufficiently small. If z G Ci?, it 
holds by analytic continuation (with respect to z). 

Parts ([2]) and ([3]) follow immediately since when the flow of ^ preserves an ana- 
lytic set A (which may be reduced to a point if ^ vanishes at this point), then the 
flow of C, preserves the analytic set F~^(A). □ 

Wc shall now study how admissible p-tuplc of vector fields behave under puUback. 

Lemma 7. Assume F : {E,0) — > (£',0) is an analytic germ having an adapted 
superattracting fixed point. Let (^i, . . . ,^p) be an admissible p-tuple of liftable vector 
fields. Then, (ki ■ . . . ,kp ■ F*^p) is an admissible p-tuple of vector fields. 

Proof. Fix j S and set Ci-=^j " F*£,j. Since the vector field is tangent 

to Ej, the vector field Q is tangent to F~^{Ej). According to lcmma[Tl F~^{Ej) 
coincides with Ej in a neighborhood of 0. Thus, the vector field Q is tangent to 

Since the vector field vanishes on Ej -.^{vj = 0}, the vector field Q vanishes on 
F^^{EJ). According to lemma [1] F~-^{Ej) coincides with Ej in a neighborhood 
of 0. So Q vanishes on Ej. 

Since Q vanishes at 0, we may write 

Q{v)^Tj{v)+o{\\v\\) with Tj{v):={v;A,{v)) 

for some linear map Aj : E E. It remains to prove that Tj = dj which amounts 
to showing that Aj = ttj . Since Q vanishes on Ej , the linear map Aj vanishes on 
EJ . Thus it suffices to show that the restriction of A to Ej is the identity. 

The map F restricts to a self- map Fj : Ej Ej. The vector fields £^j and Q 
restrict to vector fields on Ej (because they are tangent to Ej). It suffices to show 
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that Aj{vj) = Vj. We therefore restrict our analysis to the space Ej, omitting the 
index j: 

• F{v) ~ H{v) + o([|u||'^) with H : E ^ E a. nondegenerate homogeneous 
map of degree k, 

• ^{v) = [v;v) + o{\\v\\), 

• C(«) +o(||w|j), and 

• DFoC^k-ioF. 

On the one hand, 

DF o Q{v) = {F{v)- F' o av)) = (f{v)-H' o C{v) + o{\\vt-^ ■ ||C(iOII)) 

= (f{v)-H' oT{v)+o{\\vf)) 

On the other hand, 

fc • e o F{v) ^ (f{v)- k ■ F{v) + o{\\F{v)\\)) = k ■ H{v) + o(|kf )) . 

It follows that H' o t{v) = k ■ H{v), thus 

DHot{v) k ■ {H{v);H{v)). 

According to Euler's identity, we therefore have t{v) = {v;v) which implies that 
A{v) ~ V as required. Lastly, the vector fields Q and Q commute for all i,j G 
since the vector fields S.i and commute for alH, j G □ 

1.5. Dynamical Green Functions. We shall use dynamical Green functions in- 
troduced by Hubbard and Papadopol |HP| . We will first recall the construction for 
homogeneous maps, and then explain how this construction may be adapted to our 
setting. 

Let H : L ^ L he a, nondegenerate homogeneous map of degree on a C-linear 
space L of dimension m. Then, the function 

uh --v^ ^ log\\H{v)\\ - log ||u|| 

is defined and bounded on i — {0}. It follows that the sequence of plurisubharmonic 
functions 

g]^:=i^ log =g''H + J2 ^^^^if^ : i -> M U {-^} 

converges uniformly on i to a plurisubharmonic function Qh ■ L — > MU{ — oo} 
which is continuous on L — {0} and satisfies 

^^(w) = log||w|| + C'(l) and gHoH = k-gH. 

We shall adapt this construction to our setting as follows. 

Lemma 8. Let F : {E, 0) — > {E, 0) be an analytic germ having an adapted superat- 
tracting fixed point. There is a neighborhood UofOinE such that for all j G [l,p], 
the sequence of functions 

g^:^l-log\\TrjoF°^\\ : [/^RU{-oo} 
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converges locally uniformly inU to a plurisuhharmonic function Qj :U ^ MU{— 00} 
satisfying, 

Gj{v) =^ log||7rj(z;)|| + 0(1) and QjoF^kj-Qj. 

Proof. Let U C E he a. sufficiently small neighborhood of so that F is defined 
and analytic on U, F{U) C U and U is contained in the basin of attraction of 0. 
The functions 

6;;:=-i^log||^,oi^°"|| : C/^MU{-oo} 

are then defined and plurisubharnionic on U . 
By assumption 

F,{v) = H,{v,) + 0{\\v\\-\\v,p). 

Since Hj is homogeneous of degree kj and nondeg enerate, Hw^f'^ = 0(\\Hj{vj)\\) . 
As a consequence, 

\\^-joF{v)\\ = \\F,{v)\\ ^ \\H,{v,)\\ = \\H,on,{v)\\ 

M M M M y_^Q II II II II 

and restricting U if necessary, the function 

logllTTj oF|| -l0g||Hj- OTTjII 

is defined and bounded in U—Ej. The function — log ||iJj0 7r,- 1| — log Utt,- || is defined 

and bounded in _E — Ej since Hj is homogeneous of degree kj and nondegenerate. 
It follows that the function 

Kj 

is defined and bounded in U ~ Ej. 
Now, the sequence 

converges uniformly on U to a plurisuhharmonic function Qj whose difference with 
Qj = log IItTj II is bounded as required. □ 

1.6. Cartan's Lemma. We shall use the following lemma of Cartan which is a 
multidimensional version of the Schwarz Lemma. We include a proof for complete- 
ness. 

Lemma 9 (Cartan). Let V be a bounded connected open subset of E containing 
0, let ^ : V V be an analytic map such that $(0) = and Dq'^ ~ id. Then, 
$ = id. 

Proof The iterates are defined on V for all n > 0. For n > 1, let '^n ■ V ^ E 
be defined as the average 

-. n — 1 

vI/„:=-y <i>°J. 
n ^-^ 

j=o 

Then, 

- id 

4'„(0) = 0, i:'o*n = id and o $ = + . 
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In addition, the sequence (4'n)n>i is normal. Let 5* be a limit value. Then, 

*(0) = 0, Do* = id and * o $ = 

In particular, * is invertible at and $ is equal to the identity near 0, thus in V 
by analytic continuation. □ 

Corollary 2. Let V and W be bounded connected open subsets of E containing 0, 
let ^ : V ^ W <Z E be an isomorphism and : V ^ W be an analytic map such 
that l'(O) = $(0) and Do'^ = Do*- Then, ^ = 

Proof. Apply Cartan's lemma to o * : y ^ □ 

1.7. Proof of theorem m (1) ^ (3). For all n > 1, = © ■ • • © and 

the critical value set of is 

Vh°^ = Vh^" + • • ■ + Vh°^ ■ 

For all j G [l,p] and all n > 1, the critical value set of : Ej Ej is homo- 
geneous (i.e.. a complex cone with vertex at the origin). Thus, for all j S 
the vector field dj is tangent to the critical value set of H°" and the vector field 
Cj:=^*'dj is tangent to the critical value locus of 

For all i,j, the vector fields and commute, thus Q and Q commute. Since 
Dq^ = id the linear part of Q at is -dj. Since the vector field iSj is tangent to 
Ej and vanishes on Ej , the vector field (j is tangent to ^~^(Ej) and vanishes on 

We claim that for all j £ we have that ^{Ej) = Ej near 0. Indeed, recall 

that EJ is locally totally invariant by F (see lemma [1]). So X:=^{Ej) is locally 
totally invariant by H . Since Z3o$ = id, X and thus H^^X is locally the graph of 
a function (p : Ej — > Ej. According to lemmaO X = H^^X = Ej . 

It follows that <^~^{EJ) = EJ near 0. In particular, <f>^^(£'j) = Ej near 
(because Ej is the intersection of all the Ej for i ^ j). Consequently, Q is tangent 
to Ej and vanishes on i?^ . Thus the p-tuple of vector fields (Ci , ■ . ■ , Cp) is admissible. 

(2) (1). According to corollary[Tl since (^i, . . . , ^p) is admissible, there exists a 
germ of an analytic map <& : [E, 0) {E, 0) such that Dq<^ = id and D^o^j = i}jO^ 
for all j e Then, $ conjugates F to a map F, defined and analytic near in 
E, satisfying 

DF o dj = kj ■ -dj o F. 

According to lemma [3l F is quasihoniogcneous with multideg rcc (A^i , ■ ■ ■ 5 . SincG 
Do* = id we have that F = H. 

(3) (2). Let Uq be a sufficiently small neighborhood of in i? so that 

• F is defined and analytic on J/qj F{Uo) C Uq, and Uq is contained in the 
attracting basin of 0, 

• the vector field (j is defined and analytic on Uq, tangent to the critical 
value set of : Uq F°"(C/o) for aU n > and aU j e[l,p]. 

Then, Q is liftable by F°" and we may define a holomorphic vector field on Uq 

by 

(F°")*CJ• 
Then, for aU 71 > 0, we have that DF o ('^'^'^ = kj ■ o F. According to lemma [H 
the p-tuplc of vector fields . . . , ) is admissible. We will show that there is a 
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neighborhood V oiO m E on which the sequence of vector fields (C")n>o converges 
uniformly to a vector field for all j G Then, the p-tuple of vector fields 

(^1, . . . , ^p) is admissible and satisfies DF o — kj ■ o F for all j e The 
proof will then be completed. 

According to lemma [51 the sequence of functions 



a]^,,:=^log||7r,o^^°"|| :[/o^l 

converges locally uniformly in Ua to a function Qp.j 
plurisubharmonic and satisfies 



U {-oo} 

: J7o — > M U {— oo} which is 



We set 



Gf.j{v) =^ log||7rj(w)|| + 0(1) and Qpj o F = kj ■ Gfj- 



Qp:= max Qp, and Qf-~ max Qpj- 

ie[i,p] ie[i,p] 



Note that these functions are plurisubharmonic in Uq and take the value —oo only 
at 0. In addition, the sequence of functions C/p converges locally uniformly to Qf 
in C/q- In particular, if M > is sufficiently large, the level sets {Q^p < — M} are 
compactly contained in Uq. From now on, we assume that M > is sufficiently 
large so that the sets 

are compactly contained in Uq for all n > 0. 

Similarly, the sequence of plurisubharmonic functions 



1 



E 



. U{-cx)} 



Sh.j (v) 



K U {— oo} which is 
log||7rj(t>)|| + 0(1) and Ghj o H = kj ■ Ghj- 



converges locally uniformly in E to a function Qhj ■ E 
plurisubharmonic and satisfies 



We set 



g'^:= max 0^,, gH:= max Gh j and W„:=|w £ E : g'^{v) < -Afj. 

According to corollary [l] there are germs of analytic maps $„ : {E,Q) {E,0) 
such that Do^n = id and o = o <!)„ for aU rt > and all j e 

According to lemma [3l for all n > 0, the map o F o : {E, 0) — ^ (i?, 0) is 

quasihomogencous, thus equal to H. 

In other words, we have the following commutative diagrams: 



(i?,0). 

F 



{E,0) 

H 

{E,0) 



and 



iE,0) 



{E,0) 



{E,0) 
{E,0). 



Lemma 10. For n>Q, the linearizing map $„ is analytic on Vn- 
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Proof. Let us first show that the hneariziiig map $n is defined on Vn- Recall that 
$„ is defined as the linearizing map of the asymptotically radial vector field 

c":=cr + --- + Cp". 

Note that flowing along during time t < decreases Qpj by t. It follows that 
flowing along (^°")*^o during time t < decreases Qp^ o F°" by t. Thus, flowing 
along C^" during time t < decreases Gpj by t. Finally, since the vector fields 
(C")je[i.p] commute, fiowing along during time t < decreases Qp by t. 

In particular, the fiow of C" is defined on Vn for all t < 0, every trajectory 
remains in Vn and converges to 0. If we denote by J^n this flow, the linearizing map 
<f>„ may be obtained on Vn as 

= lim e"* • Tnit,x). 



□ 



Since Vn is connected, the following commutative diagram holds by analytic 
continuation to Vn- 

Vn -^E 



F°"(T/„). 



H" 



E. 



Lemma 11. The function 

-logllTTj O$o|l -logllTTjII 

is defined and hounded on Uq — Ej . 
Proof. Since Dq^q ~ id, we have the a priori estimate 

7rjO$o(w) = Trj{v) + o{\\v\\). 

As in section [T7fl we show that that X:=^o{Ej) coincides with Ej near 0. 
Indeed, Ej is locally totally invariant by F. So H^^X = ^i{Ej) is a graph of a 
function Lp : {EJ ,0) {Ej,0) near 0. According to lemma EJ X = H~^X = Ej . 

Consequently, ttj o <I>q vanishes on Ej , and so 



TTj O $o(^') = T^j{v) + o(\\tTj{v) 
v~>0 



The lemma follows immediately. 
Observe that 

1 



□ 



^logllTTj O$ooi^° 



Setting 



V:^{veUo : Gpiv) < -M} and W:={veUo : Gniv) < -M}, 

we deduce that Q^^ o converges uniformly to Qp on every compact subset of V. 
Therefore the sequence {^n) is uniformly bounded on every compact subset of V. 
Similarly, any compact subset of W is contained in the image of for n large 
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enough, and the sequence {^n^) is uniformly bounded on every compact subset of 
W. 

Thus, the sequence of maps ($„) is normal on any compact subset of V and 
the sequence of maps ($~^) is normal on any compact subset of W. Extracting a 
subsequence, we see that there is an isomorphism ^ : V ^ W such that $(0) = 
and Dq^ — id. According to Cartan's lemma, any limit value of the sequence 
($n) must coincide with $. Thus, the whole sequence ($„) converges to $ locally 
uniformly in V and the sequence (C" = ^^f^j) converges to £,j = 

This completes the proof of theorem [T] 

2. The Global Result 

Wc will now prove theorem [51 Since F : ^ ft is proper and since Ba{F) is a 
connected component of (^Ba{F)^ , the restriction F : Ba{F) — )■ Ba{F) is proper. 

Let QH,j : -E — !• M U {-oo} and Qh ■ E ^ M.{J {-oo} be the dynamical Green 
functions of H introduced above. Let Qp.j ■ Ba{F) R U {— oo} be defined by 

QfA^)-^Y^Qh,,o<^oF°-{x) 

where n > is chosen sufficiently large so that F°^{x) belongs to a neighborhood 
of a on which $ is defined. Let Qf '■ Ba{F) — R U {— oo} be defined by 

Qf-~ max Qf , . 

je[i,p] 

Let M > be sufficiently large so that $ : (-E, 0) — > (£',0) has an inverse branch 
defined on 

W:^{v e E : gF{v) < -Af}. 

Set V:~^~^{W), so that $ : 1^ — > is an isomorphism. Increasing AI if necessary, 
we see that V is relatively compact in Ba{F). 
For j G set 

which is defined and analytic near 0. Then, = kj-F*^j near a. Since 'dj is tangent 
to the postcritical set of H, and since near a, the map $ sends the postcritical set 
of F : Ba{F) Ba{F) to the postcritical set of H : Bo{H) Bo{H), the vector 
field £_j is tangent to the postcritical set of F : Ba{F) — > Ba{F). In particular, is 
tangent to the critical value set of for n large enough. Thus we can extend £,j 
to the whole basin of attraction Ba{F) using the formula — k" ■ {F°^)*£^j for n 
large enough. We therefore have a vector field which is defined and analytic on 
BaiF) and satisfies = kj ■ F*£_j on Ba{F). Let {t, x) ^ Ttj{x) be the flow of the 
vector field and let {t, x) i-> Ft{x) be the flow of the vector field 

C:=ei + • ■ • + ^P- 

Lemma 12. The map Ft is defined on Ba{F) for all t < 0. For all x G Ba{F), we 
have that Ft{x) — > as t ^ — oo. 

Proof. We flrst want to prove that Ft is deflned on Ba{F) for alH < 0. The maps 
Ft,j are deflned and analytic on V for all i < 0. Indeed, ^ : V W conjugates 
Ftj to the linear map 

T-Lt,] : vi + ■ ■ ■ + Vp ^ v\ + ■ ■ ■ + Vj^i + e^Vj + vj+i + ■ ■ ■ + Vp. 
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The equality = kj-F*^^ yields FoTt^j = Tk,t.]oF and so, F°"oJ'tj = J-fe^-tjoF™. 
For all X G Ba{F), if n is large enough, J-k"t,j oF°"(a;) remains in a compact subset 
of Sa(F) for all t < 0. Since F°" : 6a(F)'-)> Sa(f ) is proper, J"t,j(a;) also remains 
in a compact subset of Ba{F), and so, is defined for all t < 0. Since the vector fields 
5j commute, we have that 

J^t = J^t,i o • • • O Tt^p. 
So, is defined on Ba{F) for all t < 0. 

Near 0, we have that Qpj = Qhj o $ and $ o J^j j o $. In addition, 

o = + It follows that near 0, we have that 

Qfj o J'tj = Qp./j + t- 

The equality = fcj • F*^j yields F o j = ^kjtj ° F. So, for t < 0, the following 
equality is valid on Ba{F): 

As a consequence, for t < 0, the following equality is valid on Ba{F): 

Qp o Tt = Qf ° ^ts o ■ ■ ■ o p = Qf +t- 

We now prove that F^^{Q} = {0}. As we have seen, each trajectory {^tix))^^^ 
remains in a compact subset of Ba{F). Since Gf o J't = Gf + 1, as t ^ — oo, each 
trajectory {Ft{x)) must converge to a point where Gf takes the value — oo, i.e., 
to a point in the backward orbit of 0. We may therefore partition Ba{F) in the 
basins of those points (for the flow Tt)- The basins are open and since Ba{F) is 
connected, there is only one such basin: the basin of 0. □ 

The linearizer $ of ^ extends to the whole set Ba{F) by 

$(a;) = e^* • $ o Tt{x) 

where t < is chosen sufficiently negative so that Ft{x) G V. 

It is injective on Ba{F). Indeed, assume $(xi) = $(x2) with xi and X2 in Ba{F). 
Choose t < sufficiently negative so that Ft{xi) and J-t{x2) belong to V. Then, 

$ o Ttixi) = e*$(a:i) = e*$(a;2) = $ o J"t(.T2) 

Since ^ : V ~> W is an isomorphism, we have that J-t{xi) ~ Ft{x2), and so, 

xi = T-t o Tt{x\) = T-t o Ft{x2) = X2. 

The equality ^oF = iJ o $ holds on Ba [F] by analytic continuation. This shows 
that is contained in the basin of attraction Bq{H). 

Finally, $ : Ba{F) — > Bq{H) is proper, thus an isomorphism. Indeed, let K C 
Bo{H) be a compact set and let n > be sufficiently large so that Kn'.=H°^{K) C 
W. Since $ : F — is an isomorphism, $^^(i5r„) C is compact. Since 
F°" : Ba{F) Ba{F) is proper, i^~"($-i(/-i:„)) is compact. This compact set 
contains ^~^{K) which is closed since $ is continuous. It follows that $~^(A') is 
compact. 

This completes the proof that $ : Ba{F) — > Bo{H) is an isomorphism. 
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3. Applications 

In this section we apply our theorems to a family of postcritically finite endo- 
morphisms of projective space which arose in [K] and were studied in |BEKP) . 

Let h : P™ — > P™ be an endomorphism; that is, a map which is everywhere 
holomorphic (the map has no indeterminacy points). Let Ch be critical locus of h. 
We define the postcritical locus of h to be 

n>l 

The endomorphism h is postcritically finite if Vh is algebraic. Equivalent ly (via a 
Baire category argument), each component of Ch is either periodic, or preperiodic 
to a periodic cycle of components in Vh- Postcritically finite endomorphisms of P™ 
were first studied by Fornaess and Sibony in |FS) . and by Ueda in |Ue2] . 



3.1. Constructing endomorphisms. The following construction is a particular 
case of a more general construction in [K] . Let / be a finite set of cardinality m > 1 . 
Denote by E the C- vector space of functions a; : / — ?> C whose average is 0. For 
X € E, we use the notation Xi:=x{i) and set 



jei i&I 

The polynomial Px is the unique monic centered polynomial of degree to + 1 whose 
critical points are the points [xi)i^i, repeated according to their multiplicities, and 
for which the barycenter of the critical values {Px{xi)) ^^j^ is 0. 
The function y:=Px o x : I ^ C belongs to E and satisfies 

Vie/ yi^Pxixi). 

We denote by H : E E the map defined by 

H{x):=Px o X. 

Proposition 1. For to > 2, the map H : E —> E is a homogeneous map of degree 
TO + 1. For m > 3 it induces an endomorphism h : P{E) ^ P(/?), where ¥[E) is 
the projective space associated to E (isomorphic to P"'^^(C)j. 

Proof. The polynomial Px depends analytically on x £ E, therefore H is analytic. 
Since 

Pax (At) = — 



1 f 

- ^ / ^ Axi) dw 

jei ■^^^i lei 

f X{{^V->^^^)'^{^v)=y-+^Px{t), 

^ jei -^^j is/ 



we have H{Xx) ~ A™+^//(x), so H is homogeneous of degree to + 1. 

Assume Px{xi) — for all i £ I. This means that Px has only one critical 
value, namely 0. Therefore Px has only one critical point. Thus x is constant, and 
the average of x is 0, so we have x = 0. This implies that //^^(O) ~ {0}, and 
consequently, H : E ^ E induces an endomorphism h : P(/?) — ^ ¥{E). □ 
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The significance of tliese cndoniorpliisms is tliat tlieir fixed points correspond 
to polynomials with fixed critical points. More precisely, we have the following 
correspondence. 

Proposition 2. If x is a fixed point of H : E ^ E, then Px is a monic centered 
polynomial of degree m + 1 with fixed critical points. If P is a monic centered 
polynomial of degree m + 1 with fixed critical points, then there exists x G E such 
that H{x) = X, and P^ = P. 

Proof. First let a; be a fixed point of H. The polynomial P^ is monic, centered, and 
of degree m + 1. The critical points of P^, are the Xi, and Xi — Px{xi) for all i €z I. 

Conversely, let P be a monic centered polynomial of degree m + 1 with fixed 
critical points. The polynomial P has exactly m critical points (counted with 
multiplicity). Let a; be a surjection from / to the critical set of P such that for each 
critical point c G Cp, the cardinality of x~^{c) is the multiplicity of c as a critical 
point of P. Then x ^ E, and Px = P, and a; is a fixed point of H. □ 

A set of particular interest is the noninjectivity locus 

A:={x E E : 3 i ^ j with Xi ~ Xj}. 

By proposition[2l the fixed points of H correspond to polynomials with fixed critical 
points: the fixed points in E — A correspond to polynomials with simple critical 
points, whereas the fixed points in A correspond to polynomials with at least one 
multiple critical point. 

The locus A is a union of hyperplanes which are invariant by H; it is a stratified 
space where each stratum is invariant. More precisely, denote by Part(/) the set 
of all partitions of /, and set Part*(/) = Part(/) — {/}. Let I G Part*(/) be the 
singleton partition of /: that is 

I:={{^}:^G/}. 

Given J' G Part*(/), let Lj C E he the linear space defined by 

Lj:^{x E E : X is constant on each element of J'}. 

Note that E — Lx and the dimension of is — 1. We say that /C G Part*(/) 
is a contraction of JT" G Part*(/) if all elements of IC are unions of elements of J'. 
We denote this as K. J, and if K. ^ J, we use the notation K. ^ J. When /C is a 
contraction of J, the linear space Ljc is contained in Lj, and the codimension of 
Ljc in Lj is \J\ — |/C|. The stratification of A is given by 

A= U Lj. 

JePart*(/)-I 

lix G Lj, then H{x) = Pxox is constant on each element of J'. Thus II{Lj) C Lj. 
In particular, h : F{E) -> P{E) restricts an endomorphism h : P{Lj) — > P{Lj). 
For J G Part*(/), define the set 

Aj:= y Lk. 

Remark 2. Assume a; is a fixed point oi H in E — A; then by proposition [21 Px has 
m fixed critical points. The polynomial Px is of degree m + 1, so there is a unique 
(repelling) fixed point of Px which is not critical. Moreover, since Px is centered 
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and m + 1 > 3, the fixed points of Px are also centered; tliis implies that this fixed 
point is at 0. 

Consequently, the rational map / : u> n> l/Px{l/w) has degree m+ 1, a repelling 
fixed point at oo, and m + 1 supcrattracting fixed points. This map is therefore the 
Newton's method of a polynomial Q of degree m + I. 

The critical points of / are the zeroes of Q, and the zeroes of Q" . Since / has 
a critical point of multiplicity m at 0, Q"{w) ~ aw"^~^ for some a G C* and Q 
vanishes at 0. An elementary computation then shows that 

m 

This polynomial is indeed one with simple critical points which are fixed. So H has 
exactly ml fixed points in E — A. 




Figure 2. The polynomial P{z) = + has five critical points, 
each of which is a superattracting fixed point of P. There is a 
repelling fixed point at 0. The polynomial P is conjugate to a 
Newton's method for finding roots of some polynomial Q as dis- 
cussed in remark [21 



3.2. The endomorphisms are postcritically finite. Our goal now is to prove 
that the endomorphisms h : P{Lj) — > ¥{Lj) are postcritically finite: we will 
identify the critical locus of -ff : Lj Lj, and show that it is invariant. For this 
we will use the following observation. 

Let J be a nonempty proper subset of /. Let Ej be the set of functions J C 
whose average is 0. There is a natural projection nj : E Ej given by 

E 3 X I — ¥ x\j — Average(a;| j) e Ej. 

Let Hj : Ej — > Ej be the homogeneous map constructed as above with the set J 
instead of the set /. 

Lemma 13. Assume J G Part*(/), x e Lj — Aj , and J & J . Then, as v ^ in 
E , we have the following expansion 

7rjoH{x + v) = Cj ■ Hj oTTjiv) + 0{\\v\\ ■ hj{v)\\\''^+^) with Cj £ C - {0}. 
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Proof. Without loss of generality, assume that mj:^\J\ > 2 since otherwise Ej 
has dimension 0, and the result is vacuous. Set y:=x + w, aj,:=Average(?/| j) and 
z:^Trj{v) = T^,i{y) = y\j — o-y Let be the polynomial defined by 



3^J 



leJ -^^J i6J 



Then 

P'y{t) = {m + l)\{{t-y,) and Q',{t - ay) = [m.j + l)\{{t - y,). 



iei ieJ 

Thus 

m + 1 

771 ,/ 



= with Ry{t)^ — Y[it~y^)■ 

Since x G — Aj, for all i 6 / — J we have Xi ^ a^r, thus Rx{ax) ^ 0. For all 
i E J and G J, as y — > a;, we have: 

. sup |Q;(t-aj,)| = and 
• sup \Ry{t)~Rx{ax)\^0{\\v\\). 
Thus for alH G J and j G J, 

^yfe) - ^.(yO - (Qzizj) - Qz{z^))RM 

Pyit) - Q'^it - ay)RM dt 

Q'At - ay){Ry{t) - RM) dt G 0{\\v\\ ■ \\z\r-'+'). 
Setting Cj:^Rx{ax), we deduce that for all j G J, 

= c,7-Q.fe-) + o(ikii-ii^ir"''+')- 

(Recall that X]iejQz(-^i) since is centered). The lemma follows since 

TTj o H ^ Py o y\j - Avcmgc{Py o y\j) and Hj onj{y) ^ Hj{z) ^ Q^o z. □ 

Proposition 3. For G Part*(/), the critical set of H : Lj — > Lj is Aj, 
H{Aj) = Aj, and h : ¥{Lj) ¥{Lj) is postcritically finite. 

Proof. It is enough to prove that the critical set of _ff : L j- ^ L j- is A j as the rest 
is an immediate consequence. Given Ji, J2 G J, set 

K—J1UJ2 and /C = /C(Ji, J2):=J-{Ji, J2}U{/i}. 

Note that K. ^ J and |/C| = \J\ — 1, so that has codimension IvtvLj. Choose 
a vector v E Lj — Lie so that Lj~ Ljc © Span(i;). According to lemma fT3l for all 
X G Lk. as t we have 

TTKoH{x + tv) = ©(il^'^l+i). 
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It follows that the Jacobian of H : Lj Lj vanishes with order at least \K\ along 
Now 



= U ■^k:(Ji,J2) 

and is a critical component oi H : Lj ^ Lj with multiplicity |Ji| + | J2I. 

So A J is contained in the critical set of H : Lj Lj as a. hypersurfacc of total 
degree 

E l^il + = (1^1 - 1) ■ E i-^i = (1^1 - 1) • 

Since H : Lj ^ Lj is a homogeneous map of degree m + 1, its critical locus is a 
hypersurfacc of total degree dim(_L j) -m = (| J"! — l) ■ to. And therefore the critical 
set oi H : Lj ^ Lj coincides with A j as required. □ 

Wc now analyze the spectrum of DxH : TxE — > TxE, where x is a fixed point of 
H : E ^ E. It turns out that for the fixed points in i? — A, wc have a complete 
understanding of this spectrum as outlined in the example below. 

Example 2. We now demonstrate by way of example that the eigenvalues of DxH 
at a fixed point x S i? — A are precisely Xk'-=(jn + l)/k,k G [1,to — 1], with 
corresponding eigenspace Span(a;'')lj 

According to remark [21 there is a unique polynomial 

TO 

which is monic and centered, with simple fixed critical points, corresponding to 
a fixed point of £f in — A. Observe that if c is a critical point of P, then 
P"(c) = -(to + 1)/c. 

Now if Ft(z) = P{z)+tQ{z) + o{t) with Q{z) G C™-i[z], and if c* = c + tv + o{t) 
is a critical point of Pf, then 

= p;(ct) = p'(c) + t{p"{c)v + g'(c)) + o{t) 

so that 

P"(c) m + 1 

and 

Pt(ct) = P(c) + tQ{c) + tP'{c)v + o{t) =c + tQ{c) + o{t). 
Therefore v G TxE is an eigenvector associated to the eigenvalue A if and only if 

Vie I, Q{x,) = Xv, = ^^Q'{x,). 

m + 1 

This is clearly true if Q{z) — z^, A = (to + l)/fc, and Vi = xf/A. 



"'^Recall that x : 7 — >■ C is a function and is the function i i~> £ ' 
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3.3. Fixed points are super-saddles. 

Proposition 4. Any fixed point of H : E ^ E is a super-saddle. More precisely, 
if X is a fixed point of H : E ^ E , then: 

• T^E = Kcy{D^H) © lm{D^H) 

and if J ^ Part* (/) and x ^ Lj — IS.j then: 

• liii^DxH) = TxLj, and 

• the spectrum of D^H : T^L j T^Lj is contained ot C — D and therefore 
X is a repelling fixed point of H : Lj Lj . 

Proof. According to proposition |31 x is not a critical point oi H : Lj ^ Lj, thus 
the restriction D^H : T^Lj T^Lj is invertible. As a consequence the image of 
DxH contains T^Lj and Kct{DxH) n T^Lj = {0}. The kernel of the projection 

Jej JeJ 

is TxL J. According to lemma [THItt j o D^H = for all J £ J . So tt o D^H = 0, and 
the image of DxH is contained in Ker(7r) = T^L j. This implies that YmiPxiE) = 
TxLj. In addition the codimension of }^eT{DxH) is the dimension of TxLj and 
since Kei{DxH) n T^L j = {0}, we conclude that T^E = Kev{DxH) © Iuy{DxH). 

Since H : Lj ^ Lj is homogeneous of degree to + 1, there is an obvious 
eigenvalue to + 1 associated to the eigenspace Span(a:;). Proposition [5] below as- 
serts that we can endow T^L j with an appropriate norm so that the linear map 
(DxH)^^ : TxLj — > TxLj is contracting. As a consequence, the spectrum of 
(DxH)^^ : TxLj TxLj is contained in D and thus, the spectrum of the linear 
map DxH : T^L j — > T^L j is contained in C — D. □ 

By definition is a subspace of of codimension 1. It is the kernel of the 
linear form 

: E 3 V ^ —T^Vi e <C. 

As a consequence E* may be identified with the quotient (C^)*/Span(e^). Let 
1 : / ^ C be the function which is constant and equal to 1. Since — i?©Span(l), 
the dual space E* may also be identified with the orthogonal space 

(Span(l))^ = {a e (C^)* : a(l) = O}. 

More generally, given J C / let e'^ G (C^)* be the linear form defined by 

Note that for J G Part*(/), 

E = Lj® Pi Ker(e^) 
and therefore L*j may be identified with 

(Span(l))^ n Span(e'^; J J) = \ Y1 ^J^^ : Aj G C and Xj = 
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If a = Aje'^ G L*j then the pairing with v E Lj is given by 

<^{v) — Ajwj with v{J) = {wj}. 

Given x £ Lj- — Aj- we will now identify (T^Lj)* with a space of quadratic 
differentials, equip this space with an appropriate norm then identify the transpose 
of {DxH)~^ : TxLj — > T^Lj, and finally show that this transpose is strictly 
contracting. So for J ^ J , let qj be the quadratic differential defined on C by 

qj = • 

Set 



A quadratic differential q ~ "Yl, ^jqj G Qx may be paired with a tangent vector 
V £ TxLj as follows 

{q^ — X! ^''""J X! ^'^^^j ■ 

where ^„ is any holomorphic vector field near x{I) which takes the value vj at xj. 
According to the previous discussion, this pairing gives an identification of (T^L j)* 
with Qx- 

Choose R large enough so that P^^iDn) is compactly contained in D^, where 
Dji is the disk centered at of radius R. We equip Qx with the norm 



\q\\-^ / 191- 

Jdr 

Proposition 5. Assume x G Lj — Aj . The transpose of the linear mapping 
{DxH)^^ : TxLj — > TxLj is identified with the push-forward operator 

(Px)* ■■ Qx 3 q^J29*1 

where g ranges over the inverse branches of Px . In addition, 

yq(^Qx \\{Px)*q\\<\\q\\- 

Proof. The space Qx is the set of meromorphic quadratic differentials on P^(C) 
which are holomorphic outside x{I), have at most simple poles along x{I) and at 
most a double pole at oo. Set P.=Px. If q € Qx then P^q is a meromorphic 
quadratic differential on P^(C). Since q has at most a double pole at oo, also 
has at most a double pole at oo. The other poles of are simple and contained 
in P(x(/)) union the critical value set of P, that is x{I). This shows that maps 
Qx to Qx- In addition 

J Dn ' ' J Da J p-^Dn) J D„ 

Therefore wc only need to prove that for all w G Pr-Lj- and all q £ Qx 

{q,v) = {P,q,DxH{v)). 

Fix V G TxLj and q G Qx- Let U be the complement in Dn of pairwise disjoint 
closed disks centered at the points of x{I), and contained in Dn. If ^ is a C°° 



\q\ = \\q\\ 
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vector field on C which is holomorphic outside U , vanishes outside Dr, and satisfies 
^ o X = w, then 



19, « 

With an abuse of notation set 



2m 



Then, 



xt:=x + tv, Pt:=Pxt, and yt:=H{xt) = Pt o xt- 

dyt 



dxt 
' dt 



= V and ij: 
t=o ot 



t=0 



D,H{v). 



In addition, the critical point set of Pt is Xt{I) and the critical value set of Pt is 
yt{I)- Let ((^t : C — ?► C)jg^__j be an analytic family of C°° diffeomorphisms such 
that 



• V3o = id, 

• ift is the identity outside D^, 

• Lpt is holomorphic outside U and 

Note that 



at 



is a C°° vector field on C which is holomorphic outside U , vanishes outside Dji^ 
and satisfies ip o x ^ DxH{v). Since ipt follows the critical value set of Pt we can 
lift the diffeomorphisms (^j : C — >■ C to diffeomorphisms V-'t : C — > C so that V-'o = id 
and the following diagram commutes 



(C,.t(/)) 

p 



(C,x,(/)) 



Then, 



' dt 



is a C°° vector field on C which is holomorphic outside P~^{U), vanishes outside 
Dn, and satisfies ^ o x = v. In addition, the infinitesimal Beltrami differentials dtp 
and satisfy the relation 

dij = P*{d'p). 



Therefore 
as required. 



q-di^j^ / q-P*{d(p) 



P,q-d^^{P,q,D,H{v)) 



□ 
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Figure 3. On the left is a real slice of the immediate basin Baj^ (h) 
in the case |/| = 4 and J = {Ji, J2} with | Ji| =3 and | J2I = 1- 
The critical set P(A) contains three lines passing through aj. Al- 
most every orbit in Baj{h) converges to oj- tangentially along one 
of these lines; the immediate basin is colored accordingly. Since 
J2I ~ 1, Ej^ = {0} and Hj-^ © Hj^ = Hj^. According to proposi- 
tion[n]below, there is a Bottcher coordinate $ : Baj{h) Bq{Hj^). 
On the right is a real slice of the immediate basin Bq{Hj-^). The 
isomorphism $ respects the coloring. 

3.4. Superattracting fixed points of h : F{E) F{E). U J e Part*(/) has 
cardinality 2, then Lj has dimension 1 and its image in ¥(E) is a point aj. This 
is a superattracting fixed point for h : F{E) F{E). 

We will now show that we can apply theorems [T] and [2j Note that the map 
iJji © -ff,/2 ■ ^Ji ® ~^ ^Ji ® is quasihomogencous of bidegrec (| Ji|, | J2|)- 

Proposition 6. Let J^:={Ji, J2} G Part*(/) and aj be the image of Lj in F{E). 
Then there is an analytic isomorphism 

<^:BaAh)^Bo{Hj,®Hj,) 

conjugating h to Hj^ ® Hj^ . 

Proof. The analytic map h : F{E) — !> F{E) is proper, and has a superattracting 
fixed point aX aj . We will prove that there is a local isomorphism 

'^■.{F{E),aj)^{Ej,®Ej,,Q) 

conjugating h to Hj^ © Hj^ . Such a $ automatically maps the germ of the postcrit- 
ical set oih at aj, i.e., the germ of P(A) at aj, to the germ of the postcritical set 
of Hj^ (BHj^ at 0. So near aj, ^ maps the postcritical set of h : Ba^{h) Baj{h), 
that is Baj (h) D P(A), to the postcritical set of Hj-^ © Hj^ . The result then follows 
from theorem [21 

To prove that there is a local conjugacy, we use theorem [TJ Let 



E ~ {0} 3 X [x] e F{E) 
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be the natural projection and let cr be a local section defined near aj in P(i?). The 
image of DajCr is transverse to Lj which is the kernel of the projection 

7r:=7rj, + tt./^ : E Ej^ © Ej^. 

It follows that TT o DajU is invertible and so, the composition 

a:=7r o a : {V{E), aj)^ {Ej, © Ej^ , 0) 

is a local isomorphism. It conjugates h : {P{E),aj) {P{E),aj) to an analytic 
germ F : [E.j, © Ej^ , 0) ^ [Ej, © ^j, , 0) . 

Since H : E ^ E lifts h : T{E) — !> P(i?), there is an analytic function A defined 
near a j in P(i?) with values in C — {0} such that 

aoh = \- Hoa. 

Set 

^l■.=\oa-^ ■.{Ej,®Ej^,Q)^{C,^io) with ^o:=A(0). 
Set x:=<7{Q) and 

/3:=cr o : [Ej^ © Sj, , 0) (-B, x). 
Then, for v G -Ej^ © iSjj sufficiently close to 0, we have 

F{v) = ^J-iv) -no H{/3{v)). 
In particular, F ~ Fj^ + Fj^ with, for J ^ J , 

F.J{v)=^l{v)■^T.JoH{fi{v)). 

Note that li v = vj^ + vj^ with vj G _£,/, then 7rj(/3(i;) — a;) = wj and according to 
lemma [T51 for J G J^, we have 

= ■ • Hj{vj) + 0{mv) - x|| • 

= M0-a/-i?j(i'j) + O(||«Mkj||''"+')- 

This shows that F has an adapted superattracting fixed point with quasihomoge- 
ncous part ciHj^ © C2Hj^ for some constants ci and C2 in C — {0}. 

Assume v:=vj^ + iijj with vj G i?j and set y'.=(7 o a~^{v). Then v is contained 
in the postcritical set of F near if and only if y G A. As u tends to 0, y tends 
to X and since x{Ji) n x{J2) = 0, if v is sufficiently close to 0, the sets y{Ji) and 
?/( J2) are disjoint. In that case, y G A if and only if vj-^ : Ji — C or vj^ : J2 — > C 
is not injective. As a consequence, if v is contained in the postcritical set of F near 
then AiWjj + A2WJ2 is contained in the postcritical set of F for all (Ai, A2) G 
and the vector fields -dj^ and dj^ are tangent to the postcritical set of F near 0. 

According to theorem 1, there is a local isomorphism conjugating F near to 
ci^fjj © C2HJ2 near 0. The existence of a Bottcher coordinate 

$:(P(^),aj)^(Sj, ©Sj,,0) 

conjugating the map h : {P{E),aj) {F{E),aj) to the quasihomogeneous map 
© Hj^ : [Ej^ © Ej^ , 0) {Ej^ © Ej^ , 0) follows immediately. □ 
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4. Questions for further study 



Theorem [2] asserts that when aj ^ P(£') is a supcrattracting fixed point of 
h : ¥{E) ¥{E) then there is a Bottcher coordinate $ : Ba{h) Bq{Hj) with 
Hj:=Hj^ ®Hj^ : Ej^ ®Ej^ Ej^ ®Ej^ . The boundary of So(-ffj') is a topological 
sphere of real dimension 2m — 5. Does the inverse : Bq{Hj) — s- Ba{h) extend 
continuously to the boundary of Bo{Hj)l Is the boundary of Ba{h) topologically 
the quotient of a sphere by an equivalence relation? How could such an equivalence 
relation be described? 

In dimension one, a global Bottcher coordinate gives rise to a dynamical foliation 
of the immediate basin by rays. What is the higher dimensional analog of these 
rays? 

In dimension one. if two germs with a supcrattracting fixed point are topolog- 
ically conjugate, then this topological conjugacy can be promoted to an analytic 
conjugacy via a puUback argument. Can one give a topological and/or analytic 
classification of germs having a supcrattracting fixed point in higher dimensions? 
Do these classifications coincide? 

In section [3l we applied theorems [1] and [2] to a supcrattracting fixed point aj, 
which was the image oi Lj in P{E), where \ J'\ = 2. What happens for \J'\ > 2? 
In this case, dim(L^) = \J'\ — 1, and the image in P{E) will be a projective space 
of dimension — 2. Is this projective space an attractor (in the sense of [M])? 

If > 2 and if a G P(L j) is a fixed point, then according to proposition |4] the 
spectrum ofDah : Taf{L j) raP(i j) belongs to C-B, and ¥{L j) is the unstable 
manifold of a. The unique additional eigenvalue of Dah : TaF{E) — )- TaF{E) is 0. 
What is the structure of the set 



Is it a smooth analytic submanifold of ¥{E)7 Is it dynamically parameterized by 
the attracting basin of the quasihomogeneous map 



The maps to which we applied our theorems in section[3]were postcritically finite. 
Are there examples (apart from the quasihomogeneous maps themselves) which 
are algebraic, and not postcritically finite but admit a Bottcher coordinate? The 
converse is false: consider the map F : -> given by F : {x, y) i-^ (x^ — y^,y'^). 
One can verify that F is postcritically finite. The derivative DqF is nilpotcnt so 
that F°'^ has a supcrattracting fixed point at 0. In addition 



The map F""^ cannot be locally conjugate to the map {x, y) i— > (y^, y^) as this map 
is not open. 
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